Abstract. We prove that if two countable commutative lattices of projections in the Calkin algebra are order isomorphic, then they are unitarily equivalent. We show that there are isomorphic maximal nests of projections in the Calkin algebra that are order isomorphic but not similar. Assuming the continuum hypothesis, we show that all maximal nests of projections in the Calkin algebra are order isomorphic.
Suppose H is a separable infinite-dimensional Hilbert space, let B(H) denote the algebra of all operators on H, and let K(H) denote the ideal of compact operators on H.
We let C(H) denote the Calkin algebra, B(H)/K(H).
A nest in B(H) is a linearly ordered family of projections containing 0 and 1. We identify projections in B(H) with their ranges in H (i.e., each subspace of H corresponds to the orthogonal projection onto that subspace). By a Boolean algebra of projections, we mean a commutative family B of projections containing 0 and 1 that is a Boolean algebra under P ∨Q = P + Q − P Q, P ∧Q = P Q, and P = 1 − P .
Two nests P and Q are similar if there is an invertible operator S such that Q = {ranSP : P ∈P}. Note that the projection onto ranSP can be written as f((SP S −1 )(SP S −1 ) * ), where f : [0, ∞)→[0, 1] is the continuous function f (t) = min{1, t}. The question of similarity of nests of subspaces of a separable infinitedimensional Hilbert space goes back to J. Ringrose, who asked if similar nests must be unitarily equivalent. Using a result of N. T. Andersen [A] (see also [Ar] ), D. Larson [L] gave a negative answer to Ringrose's question. Building on Larson's ideas, K. Davidson [D1] gave the following wonderful characterization of similarity for nests. A beautiful account of these facts is contained in [D2] . Theorem 1. [D1] Suppose P and Q are nests in B(H) that are closed in the strong operator topology. Then P is similar to Q if and only if there is an order isomorphism τ : P→Q such that, for every P, Q∈P with P < Q, rank(Q − P ) = rank(τ (Q) − τ (P )). Moreover, given τ and > 0, there exist a unitary operator U and a compact operator K with ||K|| < such that S = U + K is invertible and τ (P ) = ranSP for every P in P.
Note that the preceding theorem shows that rank-preserving order isomorphisms of nests in B(H) are given by a unitary operator in C (H) . This note addresses the question of what analogs of these aforementioned results hold in the Calkin algebra C (H) . Similar problems were studied in [AD] and [AG] . Since there is no analog of finite-rank projections in C(H), one might suspect that any two order isomorphisms between nests are implemented by a similarity. Indeed, we show that order isomorphisms between countable nests (or even commutative lattices) are unitarily implemented. However, we show that, given a maximal nest M in C(H), there are 2 c distinct maximal nests in C(H) that are order isomorphic to M. Hence, since cardC(H) = c, there is a maximal nest that is order isomorphic to M that is not similar to M or even representable in terms of a sequence of similarities. The question of whether all maximal nests in C(H) are order isomorphic may depend on the continuum hypothesis (CH), the assertion that ℵ 1 = c, where c = 2 ℵ0 is the cardinality of the continuum. Assuming (CH), we show that every two maximal nests in the Calkin algebra are order isomorphic, and that each such nest has 2 c distinct order-automorphisms, so they cannot all be defined even in terms of sequences of similarities (there are only c of them). Note that, although the set of projections in the Calkin algebra does not form a lattice, a commutative family of projections in a C * -algebra generates a lattice with the operations p∧q = pq and p∨q = p + q − pq. We call a lattice of commuting projections a commutative lattice. 
It is clear, for each positive integer n, that τ extends uniquely to an isomorphism between the Boolean algebras generated by {0, 1, p 1 , . . ., p n } and {0, 1, τ(p 1 ), . . ., τ(p n )}. Hence we can assume that B 1 and B 2 are Boolean algebras. It follows that τ extends to a unital * -isomorphism, which we still call τ , from C * (B 1 ) onto C * (B 2 ). However, by [R, p. 293] , C * (B 1 ) is generated by a single hermitian element h (e.g., h =
is generated by τ (h). Hence σ(h) = σ(τ(h)), and it follows from the Weyl-von Neumann theorem [vN1] that there is a unitary operator
Suppose m is a cardinal. We say that a partially ordered set (X, ≤) is m-saturated if for each pair A, B ⊂ X with cardA, cardB ≤ m and A < B (i.e., a < b for all a∈A and b∈B), there is an x in X such that A < {x} < B. In 1908 F. Hausdorff [H] proved that if k is an infinite cardinal and (X, ≤), (Y, ≤) are two linearly ordered sets, each with a largest and smallest element, such that, for every cardinal m < k, X and Y are both m-saturated, then X and Y are order isomorphic. Hausdorff's proof, which involves a "back-and-forth" argument, also yields the existence of k k distinct order isomorphisms between X and Y . Most likely the reader will see the idea of Hausdorff's proof by proving that the set of rationals in [0, 1] is order isomorphic with the set of dyadic rationals in [0, 1]. For readable accounts of these ideas, consult [CN] and [DW] .
Lemma 3. If M is a maximal projection chain in C(H) or
Proof. We give the proof for C (H) . Suppose {p n } and {q n } are sequences of projections in C(H) such that p 1 < p 2 < · · · < · · · < q 2 < q 1 . We can find sequences {P n } and {Q n } of projections in B(H) such that, for each n, p n is the image in C(H) of P n and q n is the image in C(H) of Q n , and P 1 < P 2 < · · · < · · · < Q 2 < Q 1 . For each n, we can choose a unit vector e n in ran(P n+1 − P n ), and define P n+1 to be the projection onto P n+1 (H)∩{e 1 , . . ., e n } ⊥ . Let P be the supremum of the P n+1 's plus the projection onto the closed linear span of {e 1 , e 3 , e 5 , e 7 , . . .}. Let p be the image of P in C (H) . Then p 1 < p 2 < . . . < p < . . . < q 2 < q 1 . Now suppose M is a maximal chain of projections in C(H). Suppose A and B are countable subsets of M such that p < q for every p in A and every q in B. We can assume that A is infinite (if B is infinite, look at the chain {1 − p : p∈M}). The argument in the preceding paragraph shows that there is a projection p in C(H) such that p < p < q for every p in A and every q in B. If there is no projection q in M such that p < q < q for every p in A and every q in B, then M∪{p } would violate the maximality of M. Hence M is ℵ 0 -saturated
Theorem 4. Assume the continuum hypothesis holds. Then any two maximal nests of projections in C(H) are order isomorphic. Moreover, any maximal nest in C(H) has 2
c order-automorphisms.
Corollary 5. Assuming the continuum hypothesis, there exist a nest and an orderautomorphism on it that is not implemented by a similarity, or even a sequence of similarities.
Conjecture. If (CH) fails, then there are two maximal nests in C(H) that are not order isomorphic.
Example.
Hausdorff [H] also proved that every pair of ℵ 0 -saturated Boolean algebras having cardinality ℵ 1 are isomorphic. However, neither Lemma 3 nor Theorem 4 is true for maximal Boolean algebras of commuting projections in the Calkin algebra. For example, let A be the algebra of all diagonal operators with respect to a fixed countable orthonormal basis for the Hilbert space H, and suppose B is unitarily equivalent to L ∞ (µ) acting on L 2 (µ), where µ is Lebesgue measure on [0, 1]. Let P be the image in the Calkin algebra of the projections in A and let Q be the image in the Calkin algebra of the projections in B. It follows from a theorem of B. Johnson and S. K. Parrott [JP] that P and Q are maximal Boolean algebras of projections in B(H)/K(H), i.e., C * (P) is the image of A in B(H)/K(H) and is a masa in B(H)/K(H). However, B∩K(H) = {0}, and thus Q contains no ℵ 0 -saturated chain. However, by Lemma 3, P does contain such a chain. Hence P and Q are not isomorphic.
While Corollary 5 shows that not every order isomorphism between maximal nests in C(H) is induced by a similarity, it leaves open the question of whether order isomorphic nests in C(H) are similar. The next result provides a negative answer. Proof. Let Q denote the rational numbers in [0, 1] . It is clear that Q is order isomorphic to a subset {p t : t∈Q} of M. For each irrational number t in [0, 1], we can apply Lemma 3 to obtain a projection p t such that for every r, s in Q with r < t < s, we have p r < p t < p s . Hence {p t : t∈[0, 1]} is order isomorphic to [0, 1] .
Suppose E ⊂ (0, 1). By Lemma 3 and the fact that Q is order-dense in [0, 1], we can, for each t in E, find projections p t + and p t − in M such that p s < p t − < p t < p t + < p r holds in C(H) whenever 0≤s < t < r≤1. Clearly p t + < p r − holds when t, r∈E and t < r.
For each t in E, choose projections P t − , P t , P t + in B(H) such that P t − < P t < P t + and the images of P t − , P t , P t + , respectively, are p t − , p t , p t + . It follows that {p − p t − : p∈M, p t − ≤p≤p t + } can be represented as a maximal nest in C([P t + − P t − ](H)), which can in turn be represented by a family P t of projections in B([P t + −P t − ](H)). We can choose a projection Q t and a unitary operator U t in B([P t + − P t − ](H)) such that Q t (P t − P t − )− (P t −P t − )Q t is not compact and such that U t Q t −(P t −P t − )U t = 0. We now define a maximal chain M E to be the union of {p∈M : there is no t in E with p t − ≤p≤p t + } with the union over t∈E of the image in C(H) of {P t − + U t P U t * : P ∈P t }. It is clear that M E is order isomorphic to M and that {t∈(0, 1) : p t ∈M E } = E.
It follows that there are at least as many maximal nests in C(H) isomorphic to M as there are subsets E of (0, 1), namely, 2 c .
Corollary 7. For each maximal nest M in C(H) there is a maximal nest in C(H)
that is order isomorphic to M but not similar to M.
We conclude by noting that Ringrose's original question remains unanswered in the Calkin algebra.
Question. Are two similar nests of projections in the Calkin algebra unitarily equivalent?
